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We study the character tables of the association schemes obtained from the following actions of finite (simple) orthogonal groups:
(i) O&,(2") and 0~~(2") acting on the set of nonisotropic points.
(ii) O&,(p") and O,(p") (p an odd prime) acting on each half of the set of nonisotropic points.
(iii) OZm+ ,(p') (p an odd prime) acting on the set of square-type and the set of non-square-type nonisotropic points.
It is shown that the character tables of the association schemes in the above (i) and (ii) are controlled by the character table of the group PSL(2, q), while that the character tables of the association schemes in (iii) are controlled by the character tables of the association schemes obtained from the action of the group PGL(2, q) acting on the cosets by dihedral subgroups D,,,_ , , and D,,,+ I), respectively.
INTRODUCTION
The purpose of this paper is to determine the character tables of the association schemes which are obtained from the action of finite orthogonal groups acting on the sets of nonisotropic (projective) points. This is a continuation and generalization of the study in the previous paper [2] , where the character tables of Paige's simple Moufang loops M*(q) were determined. In fact the character table of the simple Moufang loop M*(q) is the character table of the association scheme obtained from the action of the group O:(q) acting on the set of nonisotropic points. Therefore, as it was in the case of the Moufang loop M*(q), the character table of O:,(q) acting on nonisotropic points are closely related to the character table of the group PSL(2, q). That is, it is obtained from the P-matrix of PSL(2, q) by the natural substitution q + qm-' (see Theorems 2.3 and 4.3). In the same manner the character table of O,(q) acting on the set of nonisotropic points is obtained from the character table of the association scheme of PSL (2, q) by the substitution q + -q"-' (see Theorems 3.3 and 5.3). However, the character tables of O,,,,, 1(q) acting on each of the positive-and negative-type of nonisotropic points are considerably different and, indeed, are controlled by the character table of the association scheme obtained from the action of PGL(2, q) acting on the cosets by dihedral subgroups btq ~ 1 ) and hy + I ) y respectively (see Theorems 6.3 and 7.3).
In order not to make this paper too lengthy, we will use the results presented in our previous paper [2] , in particular, for the information on the character tables (i.e., the P-matrices) of the group PSL(2, q) and the related groups. Also we refer to [ 1, 21 , for any unexplained notation of association schemes and the character table of association scheme though all the notations used here are standard.
Our basic strategy of the proofs is as follows. The first step is to determine all the structure constants pi explicitly, in particular, in connection with the cases of the smallest m (i.e., m = 2 for O&(q) and m = 1 for OZm+ 1(q)). The next step is to conjecture the right character table  by using the character table for the smallest m. Finally, we prove that the BANNAI,  HAO, AND SONG   conjectured character table is the right one by using the orthogonality  relation of the character table of the case for the smallest m. After we completed these calculations, we learned that the work of Soto-Andrade [7, S] is closely related with these results. (The authors thank J. Soto-Andrade for bringing his work to our attention.) Actually Soto-Andrade computed all the spherical functions of O:m(q) acting on nonisotropic points, and also obtained the relation to the character table of PX (2, q) in connection with the Weil representations and dual reductive pairs. Therefore, some of the results in the present paper (at least for O&(q) for odd prime power q) can be obtained through the results of Soto-Andrade. However, we believe that our approach presented in this paper is worth being presented in this form because of the following points: (i) The normalization of the character table in this paper and in the spherical functions in [7, 81 are different. We think our normalization makes very clear and transparent the importance of the substitutions q + qm i and 4+ -4 m '. The grasp of such substitutions is very useful and it is successfully used in our subsequent examples, such as the construction of the character tables of GL(m, q2)/GU(m, q2) and GL(2m, q)/Sp(2m, q), etc.
(ii) Our results for O,',(q), for even q, and OZm+ ,(q) are not covered by the work of Soto-Andrade [7, 81, though we think that his method could possibly be modified to prove these results. (iii) Our method is quite elementary. There is no need to use deep representation theoretical results.
We also obtained results for unitary groups U(m, q) acting on nonisotropic points and symplectic groups Sp(2m, q) acting on nonisotropic lines. These results will be dealt with in a subsequent paper. Also, a survey paper on the character tables of commutative association schemes [3] (which will also discuss this and related topics in an informal way, and include many examples and many conjectures) is being prepared by the first author.
We conclude this introduction by mentioning the following three remarks. Remark 1. In Section 4 and Section 5, we consider the character tables of the primitive association schemes X(0,+,(q), 52,) and X(Og,(q), O,), which are obtained from the action of O,+,(q) and O,(q) on the sets Q, and O,, the halves of the sets of nonisotropic points (associated with the respective quadratic form), respectively. Instead of these actions, if we consider the action of PGO,+,(q) and PGO,(q) on Sz and 0, the sets of all the nonisotropic points, respectively, then the association schemes Xt*(PGO,+,(q), Q) and %(PGO;M(q), 0) are not primitive although the actions are transitive. The character tables of these imprimitive association schemes of class q are calculated more easily than that of corresponding primitive ones. In fact, the character tables of these imprimitive ones are CHARACTER TABLESOFASSOCIATION   SCHEMES   167 controlled by the character tables of the groups PGL(2, q) instead of PSL (2, q) . That is, these character tables are similar to the character tables of the association schemes calculated in Section 2 and Section 3. In Sections 2 and 3, we use the fact that q is even in the course of their proofs. But the results are essentially expressed as characteristic-free, i.e., it does not matter whether q is even or odd in its final expression.
Remark 2. The case 0 Zm+ ,(2") acting on the nonisotropic points is not contained in the table of contents of this paper. An explanation for this is: (i) The action of the group OZm+ 1 (2") acting on nonisotropic projective points is strange. This group action is not transitive because the associated bilinear form brings the radical which forms its own singleton orbit under the action. This group action is transitive in the remaining q2" -1 points, and the stabilizer of a point is a subgroup of a parabolic subgroup. (ii) The stabilizer of the action of O,, + ,(q), with q odd, on the orbits Q, and QZ are O,,(q) and O,+,(q), respectively. Therefore, the right permutation representations corresponding to these cases are the actions of 02,+ ,(2") acting on the cosets by 02;(2") and on the cosets by O&,(2"). These actions are indeed equivalent to the actions of 02,,,+ ,(2") on the set of positive-type hyperplanes and on that of negative-type hyperplanes respectively. So we may want to find the character tables of these association schemes, which are obtained from the actions of OZm+ ,(2") on each of positive-type and negative-type hyperplanes. Although we have not finished the calculations of the character tables of these association schemes completely, we are convinced (partly through some explicit examples for small values of q, and partly because of intrinsic nature of the theory) that these tables are essentially the same as the character tables described in Section 6 and Section 7.
Remark 3. In Sections 6 and 7, we reduced the character tables of the association schemes F( 02,,, + 1 (~'7, Q,) and X(02m+lW)T Q2) to the character tables of X(0&Y), Q,) and X(O,(p"), Q,), but we did not calculate the values of the character tables of the latter association schemes explicitly. Explicit calculation of the entries xii (see Theorems 6.3 and 7.3) of the character tables are fairly difficult, though they are in fact calculable. (We will discuss this topic in our subsequent paper.)
PRELIMINARY: THE CHARACTER TABLES OF THE GROUP
ASSOCIATION SCHEMES OF PSL (2, q) In this section we will provide the basic information about the group association schemes of PSL(2, q), and then we will review the classification of quadratic forms over GE'(q) for later use. For (x, u) E SL(2, q), q = 2", defining association relations Rj by
we get a symmetric association scheme of class q. This scheme is called the group association scheme of SL(2,2") and is denoted by ?C(SL(2,2")).
The valencies and intersection numbers of T(SL(2, 2")) are given as
The remaining parameters are directly computed from the above and from the basic equalities Cy=0 ki = q(q2 -1 ), CY= ,, a$ = ki, a", = ai, and k,a$ = kjaih.
The character table of this association scheme is given as Table I . 
... 
where i, is the index i such that ki= (q+ l)(q-1). The character table of .!T(PSL(Z, q)) is described either Table II or  Table III according as q E 1 (mod 4) or q E -1 (mod 4). The non-degenerate quadratic forms over F= GF(q) are classified as follows:
(1) Let q = p" with p an odd prime. Suppose dim I'= 2m is even. Then there are exactly two non-equivalent quadratic forms fi and fi:
where a is a non-square element in F. We write GO&Jp") = 0( V, f,) and GO,(p") = 0( I', f2). Suppose dim I'= 2m + 1 is odd. Then there are exactly two inequivalent quadratic forms fi and f2: fi(.~)=2(x1x,,+,+XzXm+r+ ". +&?AJ+x:,+, (CL = ml,
where c1 is a non-square element of F*. The groups 0( P', ,fi) and 0( V, f2) are isomorphic, and are denoted by GO?,,, + ,(q).
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(2) Let q = 2". Suppose dim V= 2m is even. Then there are exactly two non-equivalent quadratic forms f, and fi:
.f*(x)=x,x,+, + '.. +x,,x2m (p=m),
.fib)=-~,-%+, + . . + x, , Xzrn ~ , + KY;, + X,X2* + Lxx;,, (P = m -1 ), where at2 + t + a is an irreducible polynomial over F. We write GO32") = 0( V, f,) and G0;;(2") = 0( V, f2). Suppose dim V= 2m + 1 is odd. Then there is exactly one inequivalent quadratic form f:
Let O,+,(q) and O;;(q) be the (simple) group ES,+,(q) and PQ;~(q) attached to GO,+,(q) and GO,(q), respectively. Also 02,,,+ ,(q) denotes the (simple) group PsZ,,+,(q) attached to GO,,+,(q) (cf. Dieudonne [S], Atlas [4] .)
We close this section with the following two enumerative lemmas. Let F be the finite field GF(q) and F* = F -{O >. In this section let V be a 2m-dimensional vector space over F= GF(q), q = 2", and let f be the non-singular quadratic form f, with index m, i.e., Let 52 be the set of all non-singular l-dimensional subspaces (projective points) of I'. Then we get IQ/ = q"-'(4" -1). For each x E 52, we can always find a vector u such that u belongs to the l-dimensional subspace x and f(u) = 1. We use the same symbol x to denote this vector u for given x E 52. In the following, we always assume that f(.u) = 1 for all x E 52.
Since O,f,(q) acts on Q transitively, and since the orbits of 02f,(q) on .Q x Q are given by the following Ri's, R,= {(v)IxW, R,={(x,y)lf(.u+y)=O,x#v,x,y~~}, for j= 2, 3, . . . . q, we have a symmetric association scheme, 9?(02+,(2"),R)=(Q, {Ri}OdiCy), of class q defined by these q+l orbits. The following lemma shows the relation between the two parameters of !Z( O,',( 2") Sz) and !Z( X(2,2")). Table ZV , where q = 2", c = q/2, d= (q -2)/2, o=exp(2xJi/(q+l)), p=exp(2xJX/(q--1)). Proof: Let Si denote the ith intersection matrix, whose (j, h)-entry is s$, of !X(O~~(2"), Q), while Bi denote that of %(X(2, 2")). From Section 1, we have seen that the character table of .!X(SL (2,2") ) is PC' with P in Table I and a suitable permutation matrix rc. That is, B, . (7c . 'P) = (7c 'P) . Pi, 
Now it is just an analogue of the proof of Theorem 2.2.3 in [2] to show that Si(7r. 'P) = (n .'P). F, by applying (1) and (2). This completes the proof.
Remarks. (1) It is easy to see that the association scheme %"(M(2")) is isomorphic
to %(OS+(2"), Q) and that the association scheme X(&5(2, 2")) is isomorphic to %(0:(2"), Q).
(2) If we plug in 2 for all m in P, then we have P for %(X(2, 2")), and if we plug in 4 for all m in P then we have the character table for %(M(2")) discussed in [2] .
THE CHARACTER TABLE OF X(02,(2"),@)
In this section, let V be a 2m-dimensional vector space over F= GF(q), q = 2", and let f be the non-singular quadratic form fi with index m -1 (cf. Section 1 ), i.e., f(X)=fZ(X)=X,X,+1+?C2X,+*+ ... +x,-,.x&-, + crxt, + x, Xlrn + ax;, Let 0 be the set of all non-singular projective points with respect to the quadratic form J Then we have 101 = qm-'(4" + 1). In this section, again, we denote any projective point in 0, spanned by x, simply by x and we assume that f(x) = 1 for all x E 0. 0;,(2") acts on 0 transitively. We have a symmetric association scheme Table V up to a suitable permutation on its columns and rows.
Remark. The relation between the matrix P-and the matrix P given in Section 1, is written as In this section let V be a 2m-dimensional vector space over F= GF(q), q = p", p an odd prime. Let 0 be the set of all non-singular (i.e., non-isotropic) l-dimensional subspaces of V with respect to the non-singular quadratic form of index m and let Q, and 52, be the set of all square-type and the set of all non-square-type elements of 52, respectively. Then we have IQ, 1 = la21 = iq'+l(q" -1). Abusing the notation, we let x denote both the element of 52, and the representing vector with f(x) = 1. It is known that the orthogonal group O,f,(q) with respect to the quadratic form f over GF(q) acts on both Q, and Q, transitively. The orbits of O,+,(q) on Q, x 52, can be given by R,, R,, . . . . We note that similarly we have an association scheme from the action of O&,(q) on Q, which is, in fact, isomorphic to the association scheme ~(O,+,(qh Q, ). Similarly, we can check all the remaining cases. 1
Now we are ready to describe the character table of X(0,+,(q), 0,). (i) P in Table VI zf q = 1 (mod 4).
(ii) P in Table VII zfq= -1 (mod 4).
Remark.
Comparing the matrices P with the character table P of X(PSL(2, q)), we observe that In this section let V be a 2m-dimensional vector space over a finite field F= GF(q), q = p", p an odd prime. Let 0, (resp. 0,) be the set of all non-singular square-type (resp. non-square-type) l-dimensional subspaces of V with respect to the non-singular quadratic form Then we have a symmetric association scheme X(oGr(q), @I)=(@,, {Ri}o<i<(q+l)/2),
We note that similarly we have an association scheme from the transitive action of O,(q) on 0, which is isomorphic to X(OJq), 0,). (i) P-in Table VZZZ ifq z 1 (mod 4).
(ii) p-in Table IX if q E -1 (mod 4).
Remark. Compare P-and P in Theorem 4.3. The orthogonal group 0 Zm + 1(q) acts transitively on a,. This yields a symmetric association scheme X(Ozm+ 1(q), 51,) = (a,, {Ri}oGiGCs+ 1J,2) of class (q + 1)/2 whose association classes are defined by To formulate the relation between the sets of parameters of %(Ozm + 1(q), Sz,) and X(0,(q), Q,), we have the following lemma. (ii) To show B, . 'P = 'P . P, for arbitrary j, j = 2, 3, . . . . Before we close this section we will illustrate the relation between two sets of parameters of X(0 2m+ ,(7), Q,) and X(0,(7), Q,) as well as their character tables. 9 m-l % m-l I ( 2) The intersection matrices and the character table of X(0,(7), Q,) (here q = 7):
